Exercises on volume functions
Volume:

1. Compute the volume function for divisors on a blow up of P* along a
linear subvariety.

2. Compute the volume function for divisors on a Hirzebruch surface.

3. Cutkosky gave the following example of a Cartier divisor whose
volume is irrational.

Consider an abelian surface A whose nef cone is round. (For
example, A could be a product £ x E where F is an elliptic curve
without complex multiplication.) Let D and L be ample divisors
such that the line through D in the direction of —L intersects the
boundary of the nef cone at a non-rational point. Evaluate the
volume of the relative O(1) on P4(Q4(D) & Oa(—L)). For “most”
choices, the result should be irrational.

4. Suppose that X is a Mori dream space. Show that the
pseudo-effective cone admits a decomposition into finitely many
subcones such that the volume is defined by a polynomial (in terms
of the coordinates) on the interior of each of the subcones.

Mobility:
5. Prove carefully that for any projective variety X over C and any
class a € Ni(X)z, there is a constant C' = C{X, a) such that

mc(ma) < Cm™ ™k,

Then construct a numerical class on X achieving this growth rate.

6. Prove that the mobility of the line class on P” is between 1 and n!.
How much better can you do?

7. Calculate the mobility count of degree d curves in P2 for d < 5.

8. Prove that there are only finitely many values of d such that the
mobility count of degree d curves in P? is maximized by a family of
irreducible rational curves. (Bonus: what are these values of d7)

Fix a positive integer g. Prove that there are only finitely many
values of d such that the mobility count of degree d curves in P2 is
maximized by a family of curves whose components have geometric

genus < g.




10.

Suppose that X is a projective variety and that a € N(X)z lies on
the boundary of the pseudo-effective cone. We know that

me(mea) < Cm” for some positive constant r < n/n — k. Try to find
non-trivial upper and lower bounds for r for the different boundary
classes o when X is one of:

G(2,4) G(2,5) P’xp? PPxP?

Let X be a singular projective variety with resolution ¢ : ¥ — X.
Suppose that o is a Weil divisor class on X. Prove that the set of
movable divisor classes 8 on Y satisfying o > ¢.[ is compact.

(This is the first step to constructing a divisor class ay on Y
satisfying ¢,ay = @ and vol(ay) = mob(a).)

Volume for curves:

11.

12.
13.

14.

is.

Compute the volume function for curves on the blow-up of P* along
a linear subvariety.

Compute the volume function for curves on Ppi (O & O @ G(—1)).

Prove carefully that for ample divisors L, A on a smooth surface S
we have vol(4 + L)1/2 > vol(A)Y/2 + vol(L)1/2.

Prove the log concavity of the volume for ample divisors on an
arbitrary smooth variety.

Recall that the complete intersection cone CI;(X) is the closure of
the set of curve classes of the forin H™~! for ‘ample divisors H. Show
that if & lies on the boundary of CI;(X), then either o = B"* for a
big and nef divisor class B or « lies on the boundary of Eff;(X).

Let X be smooth. Prove that if « is in the interior of Nef;(X) then
vol(a) > Mi(a). Prove that equality is attained precisely on the
complete intersection cone by appealing to the strict log concavity of
the volume function on the movable cone of divisors.
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